Introduction
By a conformal string in Euclidean space is meant a closed critical curve with non constant conformal curvature of the conformal arclength functional. The conformal geometry of space curves was mainly developed in the first half of the past century and later taken up starting from the early 1980's. This subject has got much attention for its many fields of application, including the theory of integrable systems [3] , [12] , [8] , topology and M• bius energy of knots [2] , [6] , [9] , and the geometric approach to shape analysis and medical imaging [13] . Suppose that ⊂ , ≥ 3, be a smooth curve parameterized by arclength s. The conformal arclength parameter of is defined by = , − ,
=: , where , is the standard scalar product on and , stands for double and triple derivative of . The 1-form , the infinitesimal conformal arclength of , is conformally invariant. If ≠ 0, for each , the curve is called generic. The conformal arclength gives a conformally invariant parameterization of a generic curve. We consider the conformally invariant variational problem on generic curves defined by the conformal arclength functional ℒ = . For = 3 and higher dimensions this variational problem was studied in [7] , [11] . A generic space curve is determined, up to conformal transformations, by the conformal arclength and two conformal curvatures. As for a closed critical curve with constant conformal curvatures, we can see that it is conformally equivalent to a closed rhumb line (loxodrome) of a torus of revolution.
1.1.
The conformal group Let ∈ 3 is an orientation-preserving conformal diffeomorphism of ℝ 3 onto the conformal space minus the point ∞ = 0 . The inverse of is the conformal projection
The conformal group G consists of all pseudoorthogonal transformations preserving the volume form. It is a 10-dimensional Lie group with two connected components. The first component is the subgroup + consisting of all ∈ preserving the positive light cone and the second one consists of all ∈ switching the positive light cone with the negative one. The group acts effectively and transitively on the left of 3 preserving the conformal structure. The classical Liouville theorem [5] 
2.
Quantization of the conformal Arclength functional Here we will obtain the proof of our three main results. Since the partial derivatives of θ 1 and θ 2 are strictly positive on Σ ′ = , ∶ > 1, > 1, ≤ [14] . The Jacobian of θ is strictly positive on Σ. In particular, the image θ Σ is a connected open set and θ ∶ Σ ⟶ θ Σ is a local diffeomorphism. The mapping θ is a real-analytic local diffeomorphism onto Ω [14] . On the other hand, 1 and 2 are contained in the trajectories of the vector fields 1 and 2 , respectively. From this, we have
Then, the function = − satisfies = 1 = 0, Then, (1) is the order of the symmetry group of ; (2) 1 1 and 2 2 are the linking numbers of with the Clifford circle and the -axis, respectively. Proof: The curve is a real-analytic closed curve with positive chirality. Therefore, its symmetry group is generated by the monodromy. By construction, the canonical null lift Γ ∶ ℝ ⟶ ℒ + and the first conformal curvature is a strictly positive periodic function, with minimal period . Using Theorem 2.2 We find Γ + = 2 2 , 2 1 ⋅ Γ , where 2 2 , 2 1 ∈ . Then, 2 2 , 2 1 is the monodromy of . This implies that the symmetry group of is generated by Which the required result.
Conformal Change of Metric
An interesting kind of metric changes is the conformal change, the simplest way to vary a metric. Let us first glance at a basic case to understand our gluing method for conformal change. As an application, we strengthen Tasaki's "equivariant" theorem in [4] . Remark 3.11.: Since either local orientation of a submanifold leads to the same metric by our method and being minimal is really a local property, the orient ability and compactness requirements can be removed. What is more, by a direct computation, a concrete relation between mean curvature vector fields through a conformal change can be given explicitly. where is a point of and lies in the -disc fiber through . Let F be the induced positive (shrink if needed) function on . Take = .
. Since the differential of the identification map along is identity, by
4.

Conformal structure of twodimensional spacetimes
In general, it is well-known that any causal isomorphism between two Lorentzian manifolds is a smooth conformal diffeomorphism if the dimension of manifolds is bigger than two. However, this is not the case when the dimension is two. Even if a causal automorphism is ℂ ∞ , it is not necessarily a conformal diffeomorphism. For example, if we take = = 3 , then the function defined as ℂ ∞ [15] and causal automorphism on ℝ 1 2 . However, it is not a conformal diffeomorphism since its inverse is not differentiable at 0,0 . Therefore, if we want to get a conformal diffeomorphism on ℝ 1 2 from causal automorphism we need one more condition and we state the corresponding result in two-dimensional spacetimes with non-compact Cauchy surfaces. Proof: It suffices to show that * sends null vectors to null vectors, by Lemma 2.1 in [1] . Let ∈ be a null vector and let γ be a future-directed null geodesic with 0 = and ′ 0 = . Then, since has non-compact Cauchy surfaces, has no null cut points, and so, for any > 0, we have 0 ≤ 
